GLOBAL WELL-POSEDNESS AND SCATTERING FOR THE DEFOCUSING 
CUBIC NLS IN FOUR DIMENSIONS 



MONICA VI§AN 

Abstract. In this short note we present a new proof of the global well-posedness and scattering 
result for the defocusing energy-critical NLS in four space dimensions obtained previously by 
Ryckman and Visan j25j. The argument is inspired by the recent work of Dodson [7] on the 
mass-critical NLS. 



1. Introduction 

We study the initial-value problem for the defocusing cubic nonlinear Schrodinger equation in 



(1.1) 



I ^ut 

where u{t,x) is a complex- valued function on spacetime Rt x M!^. 
This equation is termed energy- critical since the scaling symmetry 

u{t, x) ^ u^{t, x) := Au(A^i, Xx), (1.2) 

leaves invariant not only the class of solutions to (|1.1[) . but also the (conserved) energy: 

E{u{t))^ [ l\Vu{t,x)\^ + \\u{t,x)\^dx. (1.3) 

Note that by Sobolev embedding, the energy space is precisely ij^(R^), which is also the space of 
the initial data. 

Let us start by making the notion of solution more precise. 

Definition 1.1 (Solution). A function it : / x M'* — s> C on a non-empty time interval G / C M is a 
(strong) solution to IlT]) if it lies in the class C^Hl{K x W^) n Lf^^(K x W^) for aU compact K C /, 
and obeys the Duhamel formula 

u{t) ^ e'*^u{Q) ~ i j e'^'~'^^\u{s)\^u{s)ds (1.4) 

for all t E I. We refer to the interval / as the lifespan of u. We say that u is a maximal-lifespan 
solution if the solution cannot be extended to any strictly larger interval. We say that u is a global 
solution if / = M. 

Our main result is a new proof of the following: 

Theorem 1.2 (Global well-posedness and scattering). Let uq G ij^(M^). Then there exists a unique 
global (strong) solution u G C^Hl.{R x K^) to (|l.ip . Moreover, this solution satisfies 



II 



\u{t,x)\'^ dxdt < C(||iio||ffi 
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As a consequence of these spacetime bounds, the solution u scatters, that is, there exist asymptotic 
states u± e H], such that 

- e**^u±||^i -> as t ±00. (1.5) 

Furthermore, for any u+ £ H^. {or £ H].) there exists a unique global solution u to ()l.ip such 
that iLSl) holds. 



Theorem 11.21 was proved by Ryckman and Visan [25' building upon the monumental work of 
CoUiander-Keel-StafElani-Takaoka-Tao [6j who established the equivalent result for the energy- 
critical nonlinear Schrodinger equation in three space dimensions. For the analogous result in higher 
dimensions, see [111 ISHl 131] • For previous results for spherically-symmetric data, see pi 1^ [?7]. 

Recently, there has been a lot of activity towards proving the natural global well-posedness and 
scattering conjecture for the focusing energy-critical NLS. This was made possible by the work of 
Kenig and Merle jJTj who proved this conjecture in spatial dimensions c? = 3,4, 5 for spherically- 
symmetric initial data. Subsequently, Killip and Visan |:19^ established the focusing conjecture 
for arbitrary initial data and spatial dimensions c? > 5. The focusing conjecture is still open in 
dimensions d = 3, 4 for arbitrary initial data. 

In this short note we present a new proof of global well-posedness and scattering for (jl.ip inspired 
by the proof of the analogous theorem for the defocusing mass-critical NLS in dimensions d > 3 given 
by Dodson |7^; for previous results on the mass-critical NLS in both the defocusing and focusing 
cases with spherically-symmetric initial data, see [HI [Ml ES] ■ 

We contend that the arguments in [TH] offer much simplicity over those of [30 (which builds upon 
[HI [13) and have also the advantage of treating both the defocusing and focusing cases for d > 5. As 
such, one is faced only with the task of simplifying, if possible, the arguments of [6, 25 in dimensions 
d ~ 3,4. The simple argument presented here does not cover the three dimensional case due to the 
absence of certain endpoint estimates. 

The main reason for writing this paper is to demonstrate the applicability to the energy-critical 
setting of the new ideas introduced by Dodson 7 . While we rely on other sources for several 
key ingredients in the proof, the combined argument is still shorter than that in 25 and, more 
importantly, it is more modular and hence easier to understand. 

1.1. Outline of the proof. We will use the concentration-compactness approach and hence argue 
by contradiction. As proven in [TTl [TH] , failure of Theorem 11.21 implies the existence of very special 
types of counterexamples. Such counterexamples are then shown to have a wealth of properties not 
immediately apparent from their construction, so many properties in fact, that they cannot exist. 

While we will make some further reductions later, the main property of the special counterexam- 
ples is almost periodicity modulo symmetries: 

Definition 1.3 (Almost periodicity modulo symmetries). A solution u to (|l.ip with lifespan / is 
said to be almost periodic (modulo symmetries) if there exist functions N : I ^ K"*", x : I ^ R*, 
and C : IR+ ^ IR+ such that for alH £ / and 77 > 0, 

\Vu{t,x)\^ dx+ [ \^\^\u{t,^)\^dC<7]. 

-x{t)\>Cir,)/N{t) J\i\>C{v)Nit) 

We refer to the function N{t) as the frequency scale function for the solution u, to x{t) as the spatial 
center function, and to C'{ri) as the compactness modulus function. 

Remark 1.4. Almost periodic solutions obey the following: For each 77 > there exists c{ri) > so 
that for all t e I, 

\\/u{t,x)\''dx+ [ \^\^\u{t,^)\^d^<r,. 

x-x{t)\<c(rt)/N{t) "'IJI<c(r;)Ar(t) 
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As shown in [HI Corollary 3.6] (see also [201 Lemma 5.18]), the modulation parameters of almost 
periodic solutions obey a local constancy property. In particular, we have 

Lemma 1.5 (Local constancy property). Let u : / x — > C be a maximal-lifespan almost periodic 
solution to (jl.ip . Then there exists a small number 6, depending only on u, such that if to G / then 

[to~SNitQ)-^,to + SNito)-^] Cl 

and 

N{t) N{to) whenever \t ~ to\ < SN{toy^. 

We recall next a consequence of the local constancy property; see [TSj Corollary 3.7] and [20l 
Corollary 5.19]. 

Corollary 1.6 {N{t) at blowup). Let u : L xMf^ ^ C be a maximal-lifespan almost periodic solution 
to (II. ip . IfT is any finite endpoint of L , thenN(t) \T — t\~^^'^ ; in particular, \imt^TN{t) = oo. 

Finally, we will need the following result linking the frequency scale function N{t) of an almost 
periodic solution u and its Strichartz norms: 

Lemma 1.7 (Spacetime bounds). Let u be an almost periodic solution to (II. ip on a time interval 
I. Then 

^ N{tf dt <„ 11 Vu||i.^.(,,„.) ^" ^ + / ^^-^^ 

Proof. We recall that Lemma 5.21 in [20] shows that 

I N{tfdt<u [ [ \u{t,x)fdxdt<ul+ [ N{tfdt. 
J I J I Je* J I 

The first inequality in (|1.6|) follows from the first inequality in the display above, Sobolev embedding, 

and interpolation with the energy norm, while the second inequality in (jl.6p follows from the second 

inequality in the display above and an application of the Strichartz inequality. □ 

With these preliminaries out of the way, we can now describe the first major milestone in the 
proof of Theorem 1 1.2 1 

Theorem 1.8 (Reduction to almost periodic solutions, [Ill[19]). Suppose that Theorem \L2\ failed. 
Then there exists a maximal-lifespan solution u ; / x — > C to p.ip which is almost periodic and 
blows up both forward and backward in time in the sense that for all to G /, 

/■sup/ p nto n 

/ / \u(t,x)\'^ dxdt = / / \u(t, x)\'^ dxdt oo. 

J to Jr'^ Jinf I Jr* 

The reduction to almost periodic solutions is by now a standard technique in the analysis of 
dispersive equations at critical regularity. Their existence was first proved by Keraani |15j in the 
context of the mass-critical NLS and it was first used as a tool for proving global well-posedness by 
Kenig and Merle [11] . As noted above. Theorem 11.81 was proved in [Til El] ; for other instances of 
the same techniques, see for example [12l[l3l|T4l|T6lll7l|T8l[l9l|20l|2ll|2a|2^ 

To continue, a simple rescaling argument (see, for example, the proof of Theorem 3.3 in [29]) allows 
us to restrict attention to almost periodic solutions that do not escape to arbitrarily low frequencies, 
at least on half of their maximal lifespan, say, on [0,Tmax)- Inspired by [7], we further subdivide 
these into two classes depending on the control given by the interaction Morawetz inequality. Finally, 
by Lemma [T31 we may subdivide [0,Tmax) into characteristic subintervals Jfc and set the frequency 
scale function N{t) to be constant and equal to Nk on each J/.. Note that JJ/t] = ^A^^T^ and that 
we need to modify the compactness modulus function by a time-independent multiplicative factor. 
Putting everything together, we obtain 



4 



MONICA VI§AN 



Theorem 1.9 (Two special scenarios for blowup). Suppose that Theorem \1.2\ failed. Then there 
exists an almost periodic solution u : [0,Tmax) x R"' — >■ C, such that 

I|w||l8,([0,T„„JxR4) = +00 

and 

N{t) = Nk>l for each t € Jk where [0,Tmax) = ^kJk- 

Furthermore, 

either ( N{t)~'^dt< 00 or f N{ty^dt = 00. 
Jq Jo 

Thus, in order to prove Theorem 11.21 we have to preclude the existence of the almost periodic 
solutions described in Theorem 11.91 The main ingredient in the proof will be a long-time Strichartz 
inequality; see Theorem 13.11 This is modeled on the long-time Strichartz inequality for almost pe- 
riodic solutions to the mass-critical NLS in dimensions d > 3 derived by Dodson [7]. The proof of 
Theorem 13. II is by induction; the recurrence relation is derived using the Strichartz inequality com- 
bined with a bilinear Strichartz inequality (Lemma 12. 2p and a paraproduct estimate (Lemma 12. 3p . 

In Section m we preclude the rapid frequency-cascade scenario, that is, almost periodic solutions 
as m Theorem for which /g N{t)-^ dt < 00. The proof has two ingredients: The first is the 
long-time Strichartz inequality in Theorem 13. II The second ingredient is the following 

Proposition 1.10 (No-waste Duhamel formula, [501 HH])- Let u : [0,Tjnax) xW^ ^ C be a solution 
as in Theorem ] 1.9[ Then for all t G [0, Tmax), 

u{t) = i lim / e'(*-^)^|w(s)|2u(s)ds, 

T-¥ T^a^ Jt 

where the limits are to be understood in the weak H^. topology. 

Using Proposition 11.10] and the Strichartz inequality, we upgrade the information given by The- 
orem [311] to obtain that the rapid frequency-cascade solution has finite mass. In fact, we will prove 
that the mass must be zero, and hence the solution must be zero, which contradicts the fact that 
the solution has infinite spacetime norm. 

In Section [3 we preclude the quasi-soliton scenario, that is, almost periodic solutions as in 
Theorem [Ll for which /g N{t)-^ dt = 00. The main ingredient in the proof is a frequency- 
localized interaction Morawetz inequality; see Proposition 15.21 To establish it, we will rely on 
Theorem 13.11 to control the error terms introduced by frequency-localizing the usual interaction 
Morawetz inequality. As the frequency-localized interaction Morawetz inequality yields uniform 
control (in terms of the frequency above which we localize) over N(t)~^ dt for all compact time 

intervals / C [0, Tmax)-, we derive a contradiction with the fact that /q^'"'"' N(t)^^ dt = 00 hy simply 
taking the interval / to be sufficiently large inside [0,Tmax). 

Acknowledgements. The author was supported in part by the Sloan Foundation and NSF grant 
DMS-0901166. This work was completed while the author was a Harrington Faculty Fellow at the 
University of Texas at Austin. 

2. Notation and useful lemmas 

We will often use the notation X <Y whenever there exists some constant C so that X < CY. 
Similarly, we will use X^YifX<Y<X. IfC depends upon some additional parameters, we 
will indicate this with subscripts; for example, X <„ Y denotes the assertion that X < CuY for 
some Cu depending on u. 
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We define the Fourier transform on to be 

m ■■= (27r)-2 / e-"-«/(x)dx. 
We will make frequent use of the fractional differential/integral operators |V|^ defined by 

iv?/(e) ier/(0- 

These define the homogeneous Sobolev norms 

WfU, :-IIIv|VIIl- 

We will frequently denote the nonlinearity in (jl.ip by F{u), that is, F{u) :— \u\'^u. We will use 
the notation 0{X) to denote a quantity that resembles X, that is, a finite linear combination of 
terms that look like X, but possibly with some factors replaced by their complex conjugates. For 
example, we will write 

3 

3=0 

We will also need some Littlewood-Paley theory. Specifically, let ip{^) be a smooth bump sup- 
ported in the ball |f | < 2 and equalling one on the ball < 1. For each dyadic number N G 2^ we 
define the Littlewood-Paley operators 

p^fio Mm) - ^i2m))m- 

Similarly, we can define P<n, P>n, and Pm< <n '■= P<n — P<m, whenever M and N are dyadic 
numbers. We will frequently write f<N for P<n f and similarly for the other operators. 

The Littlewood-Paley operators commute with derivative operators, the free propagator, and 
complex conjugation. They are self-adjoint and bounded on every L^. and space for 1 < p < cx) 
and s > 0. They also obey the following Sobolev and Bernstein estimates: 

II|V|±^Pjv/||l£ - N^'\\PNf\\Ll, \\PNf\\Ll < N-^-h\PN.f\\L-, 

whenever s > and 1 < p < <z < oo. 

We use LjL^ to denote the spacetime norm 

hiL^Lj := (^(^^ \uit,x)\^dxy^''dty^\ 

with the usual modifications when g or r is infinity, or when the domain K x is replaced by some 
smaller spacetime region. When q^r we abbreviate LfL^. by ^. 

Let e**^ be the free Schrodinger propagator. In physical space this is given by the formula 

In particular, the propagator obeys the dispersive inequality 

l|e**^/||L,==(K^)<|ir'll/llLi(M^) (2.1) 

for all times i 7^ 0. As a consequence of these dispersive estimates, one obtains the Strichartz 
estimates; see, for example, [8l fTOl [26]. 
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Lemma 2.1 (Strichartz inequality). Let I be a compact time interval and let u : I x M.^ ^ C be a 

solution to the forced Schrddinger equation 

iut + Au = G 

for some function G. Then we have 

l|VuL.i.(,xE^) < h(to)||ff.(K4) + l|VG||^,,^,,(^^^,^ (2.2) 

for any time to € I and any exponents {q, r) and (q, f) obeying 

i + + and 2 < q,q< oo. 

Here, as usual, p' denotes the dual exponent to p, that is l/p+ 1/p' = 1. 

We also recall the bilinear Strichartz estimates. These were introduced by Bourgain [1]; see also 
[SIESIIST] for several extensions. For the particular version we need, see Corollary 4.19 in j20l . 

Lemma 2.2 (Bilinear Strichartz). For any spacetime slab / x and any frequencies M > and 
N >0, 

Ml/2 

h<MV>N\\L2 jI^jg,) < -^l|Vu<M||s5(/)||w>Af||sj(/)' 

where we use the notation 

Our next result is a paraproduct estimate; cf. the proof of Proposition 5.7 in |25) . 
Lemma 2.3 (Paraproduct estimate). We have 

||ivr2/^(/ff)IL./3<||ivr2AV|Ljivp/-^5|L,, 

for any 1 < p,q < oo such that ^ + ^ = y5 • 

Proof. The claim is equivalent to the following estimate 

|||V|-3{(|V|i/)(|Vri.g)}||^4/3 < ll/ILsllglL., for 1< p,q < oo obeying ^ + ^ = i^. 

To prove this, we start by decomposing the left-hand side into ni^h and tth^i, which represent the pro- 
jections onto low-high and high-low frequency interactions. More precisely, for any pair of functions 
(</>, ip), we write 

Tri,h{<l>,tp) := ^ <l>NipM and 7Th,i{(j>,ip) := ^ (j>N'ipM- 

N<M N:»M 

Let us consider first the low-high interactions. By Sobolev embedding, 

|||V|-37r,,ft(|V|t/, |V|-3g)||^,/3 < ||^,^;,(|V|i/, |Vrig)||^i2/ii. 
Now we only have to observe that the multiplier associated to the operator 

7^(/,.9) = 7ri,^(|V|t/,|V|-i5), that is, ^ |ai*iW(€i)l6r*?i^(6), 

N<M 

is a symbol of order zero with ^ = (^1,^2), since then a theorem of Coifman and Meyer (see, for 
example, [HIS]) will conclude our claim. 

To deal with the iTh,! term, we first notice that the multiplier associated to the operator T(/, h) — 
|V|-*7r;,,;(|V|i/,/i), that is, 

E i6+e2r*ieii*iw(Ci)K^^(6), 
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is a symbol of order zero. The result cited above then yields 

llivr*^M(ivi^/,|vri5)iLy3 < ii/iusiiivrisikj, 

where r is such that ^ + = | ■ The claim now follows by applying Sobolev embedding to the second 
factor on the right-hand side of the inequality above. □ 

Whenever we will employ the paraproduct estimate above, we will also use the product rule for 
fractional derivatives: 

Lemma 2.4 (Product rule, 3 ). Let s G (0, 1] and 1 < p,pi,p2,qi,q2 < oo such that i = J- + ^ 
for i = 1,2. Then, 

Ilivr(/5)|L, < ||/IL,j|ivrg||^,, + llivivlL.j|5lL,.. 

3. Long-time Strichartz estimates 

The main result of this section is a long-time Strichartz estimate. This is inspired by an analogous 
statement for the mass-critical NLS obtained by Dodson [?]■ 

Theorem 3.1 (Long-time Strichartz estimates). Let u : [0,Tmax) x — > C 6e an almost periodic 
solution to (jl.ip with N{t) = Nk > \ on each characteristic interval Jk C [(),Tmax)- Then, on 
any compact time interval I C [Q,T„iax), which is a union of contiguous intervals Jk, and for any 
frequency N > 0, 

\\yu<N\\L-^LUi>cw^) <u 1 + N^/^K'^^, (3.1) 

where K :— Jj N(t)^^ dt. Moreover, for any t] > there exists Nq — NQ{ri) > such that for all 
N<No, 



\\^^<n\\^lUi.R-) <u??(l + ^'/'i^'/')- (3.2) 



Importantly, the constant Nq and the implicit constants in (|3.ip and p.2p are independent of the 
interval I . 

Proof. Fix a compact time interval / C [0,Tmax), which is a union of contiguous intervals Jk- 
Throughout the proof all spacetime norms will be on / x M^, unless we specify otherwise. Let ryo > 
be a small parameter to be chosen later. By Remark 1 1.4[ there exists cq — 09(770) such that 

l|Vu<coAr(t)|Uj-L2 < (3.3) 

For > we define 

A{N) ||Vu<Ar||i2i4(jxR4)- 

Note that Lemma [T77I implies 

1 /3 

A{N) <„ 1 + iV3/2ifi/2 whenever TV > (^jl^^-^^ , (3.4) 

and, in particular, whenever N > Nmax '■— supjg/A^(t). We will obtain the result for arbitrary 
frequencies > by induction. Our first step is to obtain a recurrence relation for A{N). We start 
with an application of the Strichartz inequality: 



A{N)<mi\\Vu<N{t)\\L- + VP<jvi^(ii)U,4/3. (3.5) 
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We decompose u = u<Ar/?;o + u>N/rio ^-iid then further decompose u{t) = u<coN(t){i) + u>coA'(t)(0 
to obtain 

VF{u) = Vi^(u>A,/,,J + 0(Vu>A,/^,U<jv/,,oU<coW(t)) + 0(Vw<A'/r,o"<coA'(t)) 

+ @{yUyN/7ioU<N/7^o^>coN(t)) + 0(Vw<Ar/^oM>coJV(t))- (3-6) 



Next, we will estimate the contributions of each of these terms to (|3.5|) . 

To estimate the contribution of the first term on the right-hand side of p.6p to p.Sp we use the 
Bernstein inequality followed by Lemma 12.31 Lemma l2.4| Holder, and Sobolev embedding: 



< ^'^i I Vr'/ ViV/^o II L=^L4 II I Vp/Vw/^o II L~L^^/= ll">^^/'?o lUr^J 



^ . . /iV\5/3 



E (m) (3-7) 

M>N/r,o 

We turn now to the contribution to p.5p of the second term on the right-hand side of p.6p . 
Employing again Bernstein's inequality, Lemma I2.3[ Holder, Sobolev embedding, and (j3.3l) . we 
obtain 



|P<Ar0(Vu>jv/^„U<jv/,,o"<coA'(i)) | 



2 r4/3 



< iV2/3|||Vr2/30(VM>A,/„„U<Ar/„„U<,„w(4)) 11^,^4/3 

< N^'^Vu<M/^n, \\L-Lt II I Vp/3u<,„A,(t) ||^c.ii2/5 II I V|i/3^>A,/^„ 11^^^^, 
<„ iV2/3A(iV/77o)%(iV/^o)-'/' 

<„77o^'^(^/'7o). (3.8) 

To estimate the contribution of the third term on the right-hand side of p. 61) . we use Holder's 
inequality, Sobolev embedding, and 



|^'<A^0(Vu<Ar/^o"<coA'(t))IL?L^/" < || Vu<jv/^J|i2i4 ||w<coAr(t) ||i~L4 < 77gyl(iV/77o) . (3.9) 



We consider next the contribution of the fourth term on the right-hand side of (|3.6I) . By Bernstein 
and then Holder, 

||P<Ar0(Vw>Ar/,,^M<Ar/,,^U>c„Ar(f)) 11^2^4/3 ^ ^|| Vu>jv/»7o'"<Af/r,oW>coAf(t) || ^2^1 

< iV||Vu>Ar/^J|L~L2 ||u<JV/ 
<« ^ll'i<A'/»,o">coAr(t)llL?^- 

To continue, we use the decomposition of the time interval / into subintervals Jk where N{t) is 
constant and apply the bilinear Strichartz estimate Lemma 12.21 on each of these subintervals. Note 
that by Lemma 11.71 and Holder's inequality, on each Jk we have 



l|Vw||L2i4(j^xR4) + l|VF(u)||^3/2(^^^jj4j <„ 1 and hence \\Vu\\s^(j^) <u 1- 



GLOBAL WELL-POSEDNESS FOR THE CUBIC NLS IN 4D 



9 



Thus, using also Bernstein's inequality, 

II <M^0)^llT7 II II II 

l|W<Ar/,,oU>coiV(t)|lL2^(J,xR'') - {coNkY/^ \\^'U<N/vo\\sSiJk)\\U>coN^\\sSiJ,) 

~« 1/2 3/2^,3/2ll^"<JV/wllSo*(Jf=)- 

Let us remark that the term ||VM<jv/»7olls^(Jfc) "^iH be source of one of the small parameters ry in 
claim p. 21) and this is why we choose to keep it. Summing the estimates above over the subintervals 
Jfe and invoking again the local constancy property Lemma 1 1. 5 [ we find 

iV^/^ . 1 \l/2 

ll"<JV/„o">coW(t)IL2^(/xR^) ^« 1/2 3/2(2^ Ip) sup l|VM<Ar/„J|s*(Jfc) 

% Cg J^^/ fc JkCI 

1/2 3/2 '^"P ll^"<JV/r,olls5(J;=)- (3-10) 

Thus, the contribution of the fourth term on the right-hand side of p.6p can be bounded as follows: 

A^3/2_^l/2 

||P<Ar0(Vu>jv/^oU<Ar/^oM>coAr(t)) 11^2^4/3 <„ ^/^ 3/2 SUp || Vu<jv/^J|s* ( J^) • (3-11) 

We are left with the contribution to p.Sp of the last term on the right-hand side of p.6|) . Using 
the Holder inequality combined with the arguments used to establish p.lOp and one more application 
of the Bernstein inequality, we find 

||F<Ar0(Vu<jv/,,o'«>coA'(i)) II L?l;^^^ ~ ll^>coJV(t) IILj^-L* \\^U<f^ /noUycoN (t) IL^ ^ 

1/2 3/2 sup l|Au<jv/^J|s5(j,) 

% Co' Jk'^I 
^3/2^1/2 

3/2 3/2 ll^"<jV/^ollsg(J.)- (3-12) 

% Co' Jk<Zl 

Putting everything together, we obtain 

iV3/2xl/2 /iV\5/3 

A{N) <^ M\\Vu<NmLi + 3/2 ^^P \\^^<N/vo\\s5W + E (m) ^(^^)- (3-13) 

?7o Co ./fcC/ M>^ 

The inductive step in the proof of claims p.ip and p.2p will rely on this recurrence relation. 
Let us first address p.ip . Recall that by p.4p . the claim holds for N > N^ax, that is, 

A{N) <C{u)[l + N^^^K^/^], (3.14) 

for some constant C{u) > and all N > N„iax- Rewriting p.l3p as 

r iV3/2i^l/2 .TVs 5/3 

A{N)<C{u){l + ^j^+ Y.[m) m)]. (3.15) 

% Co N_ 
'JO 
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we can inductively prove the claim by halving the frequency N at each step. For example, assuming 
that (|3.14|) holds for frequencies larger or equal to N, an apphcation of p.lSp (with 770 < 1/2) yields 

Choosing 770 = '7o(u) small enough so that vl'^Ciu) < 1/2, we thus obtain 

A{N/2) < ic(.){l + (iV/2)3/^ifV2} + + (El^^^y 

The claim now follows by setting C{u) > 2C{u)'qQ^^'^ Cq 

Next we turn to p.2p . To exhibit the small constant 77, we will need the following 

Lemma 3.2 (Vanishing of the small frequencies). Under the assumptions of Theorem \3.1[ we have 

/(iV) := ||Vu<Ar||i=oi2([o,T„„,)xR4) + sup || Vu<Ar || s; ( J^) ^ OS N ^ Q. 

Proof. As by hypothesis inftg[o 7-,^^^^) ^ 1; Remark 1 1 . 41 yields 

lim ||Vu<7v||l~l2([o.t„„,)xR4) = 0. (3.16) 

Now fix a characteristic interval Jk C [0,Tmax) and recall that all Strichartz norms of u are 
bounded on Jk; cf. Lemma [1.71 In particular, we have 



Using this followed by the decomposition u = u<^i/2 + u>^i/2. Holder, and Bernstein, for any 
frequency TV > we estimate 

l|Vu<Ar||s-(Jfc) = l|VM<Ar||L-L2 + || VP<Ari^(M) || ^3/2 

< ||Vu<Ar||ico£2 + ||VP<ArF(u>^i/2)|L3/2 + || Vu>jvi/2W<Ari/2ML 3/2 
+ ||Vu<Ari/2U^|| 3/2 

< l|VM<Ar||L-L2. + A^||w>Ari/2||L?Lj||u>Wi/2|!L6 J|u>jvi/2|1l~L4 

+ II VM>Arl/2 11^2^4 ||u<jv1/2||l~L4||u||^6^ + ||Vu<jVl/2||L-L2 ||U||23^12 

<u ||Vw<Ar||i=»i2 + N^/^ + \\Vu<f^i/2\\L'^Ll- 

All spacetime norms in the estimates above are on Jk xW^. As Jk C [0, Tmax) was arbitrary, we find 

sup l|Vu<Ar||5*(j^) <„ TV^/^ + ||Vu<Ar||L~L2([o.T„„^)xR4) + II Vu<Ari/2 || l~l2 ([o,T,„„,) xR*) • 

The claim now follows by combining this with p.l6p . □ 
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We are now ready to prove (13. 2|) . Using and Lemma 13.21 the estimate (|3.13|) imphes 

^3/2^1/2 /iV\5/3 

^« fw + ^jjiTjrfw + E (m) 

<u f{N) + + I + .y^A^^/^X^^. 

Thus, for any 77 > 0, choosing first 770 = '>]o{ri) such that ryg^^ < 77 and then A'q — No{ri) such that 
{/y3/2 < we obtain 

MN) <u ?7(l + iV^/^X^/^) for all TV < Nq. 
This completes the proof of Theorem 13.11 □ 

The following consequence of Theorem 13.11 will be useful in Section [5l 

Corollary 3.3 (Low and high frequencies control). Let u : [0, Tmax) x — > C 6e att. almost periodic 
solution to (jl.ll) with N{t) = Nk > \ on each characteristic interval Jk C [O^Tmax)- Then, on any 
compact time interval I C [(^,Tmax), which is a union of contiguous subintervals Jk, and for any 
frequency N > 0, 

II">JvIIl?lj.(/xK4) <„ N-\l + N^Kf/'i for all \ + l = l with 3 < q < ^. (3.17) 
Moreover, for any rj > there exists Nq — Nq (77) such that for all N < Nq we have 

\\^u<N\\LlL^^{ixR^)<uVi^ + N'^Ky^^ for all ^ + ^ = 1 with 2 < q < <x. (3.18) 

The constant Nq and the implicit constants in (j3.17p and (j3.18p are independent of the interval I . 

Proof. We first address (|3.17[) . By p.ip and Bernstein's inequality, for any e > and any frequency 
iV > we have 

A/>Af 

<„ M-3/2-e(l+M3/2^1/2) 
M>N 

<uN-^/^-'{l + N^Kfl\ 
The claim now follows by interpolating with the energy bound: 



lk>iv||L?Ls(/xE4) < |||Vr^-'^i^>Ar||'{l.(,,j,.)||V7.>A,||^i/?(,^K^^ <„ N-\l + N^K)''\ 

whenever - -\- - = \ and 3 < o < cxd. 

q r ^ — 

We turn now to (|3.18p . As 'vait£iN{t) > 1, Remark [L4] yields that for any 77 > there exists 
iVo(77) such that for all iV < iVo, 

||V7i<jv||L~L2(/xR'i) < V- 

The claim follows by interpolating with p.2p . □ 
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4. The rapid frequency-cascade scenario 

In this section, we preclude the existence of almost periodic solutions as in Theorem II .91 for which 
jj"n,ax jY^^^-i ^ ^jjj show their existence is inconsistent with the conservation of mass. 

Theorem 4.1 (No rapid frequency-cascades). There are no almost periodic solutions u : [0, T„^ax) ^ 
W*" ^ C to p.ip with N{t) = Nk > 1 on each characteristic interval Jk C [0,Tjnax) such that 
J[o,T„„x)xa*) =+oo and 

N{t)-^dt <0O. (4.1) 

Proof. We argue by contradiction. Let u be such a solution. Then by Corollary 11.61 

lim N(t) = oo, (4.2) 

whether T^ax is finite or infinite. Thus, by Remark ll.41 we have 

^ lim ||Vw<Ar(i)||i2 = for any > 0. (4.3) 

Now let /„ be a nested sequence of compact subintervals of [0, Tmax) that are unions of contiguous 
characteristic subintervals Jk- On each /„ we may now apply Theorem l3.ll Specifically, using (j3.13p 
together with the hypothesis (|4.ip . we derive 

An{N) := ||Vu<Ar||i2^4(/^xR-i) 

<„ mf||Vu<^.(i)|U.+^^^[/ N{t)-Ut] +E(m) 

10 

'10 ^0 M>^ 

for all frequencies > 0. Arguing as for p.ip . we find 

liVw<A,||i2i4(^„xR4) <„ inf ||Vu<jv(i)l|L2 +iV3/2 foj. ^ > 

Letting n tend to infinity and invoking (|4.3p . we obtain 

||Vw<Ar||i2i4([o,T_)xE4) S for ah iV > 0. (4.4) 
Our next claim is that (|4.4I) implies 

\\^u<n\\l^lI([q.t^^^}xm^}<uN^^^ for all iV > 0. (4.5) 

Fix > 0. Using the Duhamel formula from Proposition ! 1 . lOl together with the Strichartz inequality, 
the decomposition u — w<Ar + u>jv, Lemma [231 Lemma \2A[ (|4.4p . Bernstein, Holder, and Sobolev 
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2r<l/3 



embedding, we find 

\Wu<M\\LrLl < \\VP<nF{u)\\^,^,js 

< II VP<jvi^(u<Jv) 11^2^4/3 + ||VP<Ar0(u>^vw')|li2i4/3 

< \\Vu<N\\L-^Lt\W<N\\l^Li+N'/'\\\V\-'/'&iu>Nu')\ 

<„iV3/2^^5/3 ^ Af-5/3||VuM|L2^. 

Af>Ar ' 
<„ iV3/2 + Ar5/3 ^ M-1/6 

A/>JV 

All spacetime norms in the estimates above are on [0,Tmax) x 

With (j4.5p in place, we are now ready to finish the proof of Theorem 14.11 First note that by 
Bernstein's inequality and (|4.5p . u e L'^Hx^^^{[0,Tmax) x M'*); indeed, 

||ivr^/^uiu^c.^2 < iiivri/ViiUri^ + llivr^/ViiUrL^ <u E + E ^« i- 

JV>1 iV<l 

Now fix i G [0,Tmax) and let 77 > be a small constant. By Remark ll. 41 there exists 0(77) > such 
that 



Interpolating with u £ Lf^Hx we find 



|5|<c(r,)W(t) 

Meanwhile, by elementary considerations. 



/ \^\^\u{t,0?d^<r^. 

J\£\<c(7i)N(t) 

\Ht,0\'d(<uv'^'. (4.6) 

Ht,0\'d^<[c{v)N{t)]-' [ \e\Ht,0\'d^<u[c{v)N{t)]-\ (4.7) 



i\i\>c{-n)N{t) 

Collecting ()4.6p and ()4.7p and using Plancherel's theorem, we obtain 

0<M{u{t)):^ I \u{t,x)\^dx <uV^/^ + c{ri)-^N{ty 



for all t G [0,Tmax)- Letting rj tend to zero and invoking (14. 2p and the conservation of mass, we 
conclude M{u) = and hence u is identically zero. This contradicts ||u[|^6 ([o,T„,<iic)xR4) = oOj thus 
settling Theorem l4?T] □ 



5. The quasi-soliton scenario 

In this section, we preclude the existence of almost periodic solutions as in Theorem 1 1 . 9 1 for which 
Jq"^"" N{t)~^ dt — 00. We will show their existence is inconsistent with the interaction Morawetz 
inequality. 

We start by recalling the interaction Morawetz inequality in four spatial dimensions; for details, 
see [25]. For a solution : / x R** C to the equation i(j)t + A(f> = M, we define the interaction 
Morawetz action 

,2 ^-y 



M{t):=2lm / \(j){t,y)\^ -. ^V(j>{t,x)(l){t,x) dx dy. 

Jr4Jr4 \x-y\ 
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Standard computations show 

7r4Jr4 k-yl'^ Jr-iJr^ \x-y\ 

[ |0(i,y)|2^^{A/-,0} (t,a:)da:dy, 

/r* f - y\ 

where the mass bracket is given by {J\f, (j)}m '■= Im(A/'0) and the momentum bracket is given by 
{N , (/>}p := Re(A/'V0 — 4>VJ\f). Thus, integrating with respect to time, we obtain 

Proposition 5.1 (Interaction Morawetz inequahty). 

\^^il^)l}^^§y)ldxdydt + 2 f f [ \cl>(t,y)\'^^{Af,cf,Ut,x)dxdydt 
\x-y\'^ JiJRijRi \x~y\ 

< 2||(/!)|||oc^2(JxR4)|i0|lL~Hl(/xR1) + 4||0||l~L2(/xR4)||?!'|Il^oc^1(JxR4)||{A/', 0}m||Li^(/xRi)- 

We will apply Proposition 15.11 with (f> — u>Ar and Af = P>Ar(|upu) for TV small enough that the 
Littlewood-Paley projection captures most of the solution. More precisely, we will prove 

Proposition 5.2 (Frequency- localized interaction Morawetz estimate). Let u : [Q,T,nax) x M'' — ^ C 
he an almost periodic solution to p.ip such that N{t) = Nk > 1 on each characteristic interval 
Jk C [0, Tmax)- Then for any r] > there exists Nq — No{ri) such that for N < Nq and any compact 
time interval I C [0,Tmax), which is a union of contiguous subintervals Jk, we have 

The implicit constant does not depend on the interval I . 

Proof. Fix a compact interval / C [Q^Tmax), which is a union of contiguous subintervals Jfc, and let 
K := N(t)~^ dt. Throughout the proof, all spacetime norms will be on / x K.^. 

Fix 77 > and let A^o = No{ri) be small enough that claim p.lSp of Corollary 13.31 holds: more 
precisely, for all N < Nq, 

\\yu<N\\L^^L!^<ur]il + N^Ky/'' for ah ^ + ^ = 1 with 2 < g < 00. (5.1) 

Choosing N^) even smaller if necessary, we can also guarantee that 

\\u>N\\LrLl<uV^N-^ for all TV < TVq- (5.2) 

Now fix < A^o a-iid write ujo := u<n and u^i '■— m>a'. With this notation, (15. ip becomes 

W'^uioWlil- <uVi'^ + N^Ky^'' for all | + | = 1 with 2 < q < 00. (5.3) 

We will also need claim p.l7p of Corollary 13.31 which reads 

\MLlL^-<uN'\l + N^Ky^'' for all ^ + ^ = 1 with 3 < g < 00. (5.4) 

Note that by (|5.2p . the endpoint q = 00 of the inequality above is strengthened to 

\MLrLl<uv''N~\ (5.5) 

To continue, we apply Proposition 15.11 with = w^,; and TV — PhiF{u) and use 

\uhi{t,x)\'^\uhi{t,y)\'^ 



N--" + / N{t)-'dt 



\x - 



■ dx dy dt 



,2 x-y 

\x - y\ 

<^r^''N-' + rj'N-'\\{P„,F{u),u„,U\\LlM-^ 



\uhi{t,y)\ -{PhiF{u),Uhi}p{t,x)dxdydt (5.6) 

F - y\ 
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We first consider the contribution of tlie momentum bracket term. We write 



{PhiF{u),Uhi}p = {F{u),u}p - {F{uio), uio}p - {F{u) - F{uio), uio}p - {PioF{u),Uhi}p 
= -iV[|u|^ - \uio\^] - {F{u) - F{uio),uio}p - {PioF{u),um}p 
=:I + II + III. 

After an integration by parts, the term / contributes to the left-hand side of (|5.6p a muhiplc of 



m \x-y\ fr{'Ji Jr'^ Jr'^ \x-y\ 

In order to estimate the contribution of II to (|5.6p . we use {f,g}p = V0(/g) + 0(/Vg) to write 

3 3 
{F{u) ~ F{uio),ui,}p = J2 + E ^i«''^^io). 

i=i j=i 

Integrating by parts for the first term and bringing absolute values inside the integrals for the second 
term, we find that // contributes to the right-hand side of (|5.6I) a multiple of 

+ V / / / \uM{t,y)\^\uM{t,x)Y\Vuio{t,x)\\uio{t,x)\^'^^ dxdydt. 

j=l "'■f 

Finally, integrating by parts when the derivative (from the definition of the momentum bracket) 
falls on Ufii, we estimate the contribution of /// to the right-hand side of (|5.6p by a multiple of 

\uUt,y)\''\uUt,x)\\Pio F{u{t,x))\ ^^^y^^ 



I Js."- 



\x - y\ 

Uhi{t, y)\'^\uhi{t, x) W^JPioFiuit, x))\dx dy dt. 



Consider now the mass bracket appearing in (|5.6p . Exploiting cancellation, we write 



{PhiF{u),Uhi}„^ 

= {PhiF{u) ~ F{uhi), Uhijm 

= {Phi [F{u) - F{uhi) - F{uio)\ , Uhi}-,n + {PhiF{uio), Uhi}m " {PloF {uhi) , Uhi} m 
= 0{u\iUio) + &{uliUfj + {PhiF{uio), Uhi}rn - {PloF{Uhi), U^ijm- 
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Putting everything together and using (|5.5p . (|5.6|) becomes 

F-yr JiJw^Jr'^ \x-y\ 

<u v'^'N-^ (5.8) 
+ r/6iV-i{||w3,Ui„||ii^^ + ||uL"LIIl;,, + ||"h»P«i^(wio)||Lj^^ + lluMPioFKOIIi^.J (5-9) 

3 

+ v''N-^Y.\\<'''o'^^Io\\lI^+v'^N-^umS/PioF{u)\\^^ (5.10) 
i=i 

Thus, to complete the proof of Proposition 15 . 21 we have to show that the error terms ()5.9|) through 
(I5.12P are acceptable; clearly, ()5.8p is acceptable. 

Consider now error term ()5.9p . Using ()5.3p . (|5.4p . and Sobolev embedding, we estimate 



\WhiUlo\\Ll^ ^ \Whi\\L^ Lt\Whi\\\7j2 ^i^i/A\uio\\ + 

hKhl^ < \\um\\1,^sjs\\uio\\%li <u ifN-^l + N^K). 
Using Bernstein's inequality as well, we estimate 

\\UhiPh%F{uio)\\Ll ^ < ||Uhi||^4^S/3iV"^||VF(w;o)||^4/3^S/5 

<„ N-^{1 + N^Ky/^\\yuio\\L2Li^ \\uio\\ 
Finally, by Holder, Bernstein, Sobolev embedding, (15. 3p and (15. 4p . 

\\uMPloF{uhi)\\Ll^ < \\uhi\\Lio/3^20/7N'^^^\\F{uhi)\\ 



< 



^9° Lx 



<^ ^2/5-7/3(1 ^^3^)|||V|9/10^^^||2/3 

Collecting the estimates above we find 

(EH) <„ V^N-^{1 + N^K) <u + K), 



and thus this error term is acceptable. 

Consider next error term (|5.10p . By (|5.3p . (|5.4p . (|5.5p . Sobolev embedding, and Bernstein, 

WuMufyuiohl^ < \\^Uio\\L^^Lt\\uM\\LrLl\\uio\\l4LS <u rfN-\l + N^K) 
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To estimate the second term in ()5.10p . we write F{u) = F{uio) + 0{uhiuf^ + uf-uio + uf^i)- Arguing 
as above, we obtain 

\\uh^VPlo0iul,Ulo)\\Ll^ <N\\uM\\L^Lt\M\l7/2^lj/5\\uio\\^7/3^,, <u r]N ~^ {1 + N^^ K) 

<„ N~^{1 + N^K). 

Putting everything together, we find 

<u V^^N~^{1 + N^K) <„ rjiN"^ + K), 

and thus this error term is also acceptable. 

We now turn to error term (|5.1ip . By trivial considerations, we only have to consider the cases 
i — 1 and j — i- We start with the case j — 1\ using Holder together with the Hardy-Littlewood- 
Sobolev inequality, Sobolev embedding, (|5.3p . (|5.4p . and (|5.5p . we estimate 



\Uhi{t,y)\'^\uhr{t,x)\\uio{t,x)f' ^ II ||2 1 n II I 

dxdydt < ||mw||2_i2^24/ii |^ * (|um||u/o| 



<u N-^{l + N''Ky^''\\uh^ul\\.,. 

<u N-\l + N^Kf'''\\uhA\LrLl\\uio\\\i.f,^, 

<u rfN-^{l + N^K). 

Finally, to estimate the error term corresponding to j — 3, we consider two scenarios: If \uio\ < 
10^^|u;ii|, we absorb this contribution into the term 

\uM{t,x)\'^\uhi{t,y)\'^ , , 

j j ax ay at, 

F - y\ 

which appears in (j5.7p . If instead \uhi\ < 10^|u;o|, we may estimate the contribution of this term by 
that of the error term corresponding to j = 1. Thus, 

(EUl) <u V^N'^^il + N^K) <„ 7y(7V-3 + R), 

which renders this error term acceptable. 

We are left to consider error term ()5.12p . Arguing as for the case j = 1 of the error term ()5.1ip . 
we derive 

\uM{t, y)\^\uh^{t, x)\\PioF{u{t, x))\ 



< 



\x - y\ 

Ikwil'i., 24/11 j^^ * {\uh^\\PloF{u)\) 



r 6/5 



L12 



<„ N-\l + N^K)^^^\\uMPioF{u)\\.e/. 

\\PloF{u)\\ ^12/7 ^24/1 
N-^{1 + N^Kf/'^\\PloF{u)\\. 2^,24/11. 



18 



MONICA VI§AN 



We now write — F{uhi)+&{uf^+uf^Uhi+uiouf^). Using Holder, Bernstein, Sobolev embedding, 
(f5?3| . (fOl) . and we estimate 



Il^io0(wfo) 11^12/7^24/11 < ||u,o||^12i24/5||u,o|li4^8 <„ 7?' ( 1 + A^'^) 
||P,o0(uf„Uft,)||^12/7^24/ll < N\\uf„Uh^\\ ^12/7^24/17 < 1 1 Mio 1 1 ^4^8 1 1 Uft, 1 1 ^ p ^24/ 1 1 TJ^ {l + K)T2 

||-P;O0(U/OUL) 11^12/7^24/11 < 7V||u;ouLllil2/7^24/17 < 1 1 Mio 1 1 L?Li2 1 1 Uftl 1 1 ^4^8/3 1 1 M/ii 1 1 L~ ^4 

<„r;(l + iV3/0^/i2. 
Finally, using Bernstein, Holder, interpolation, (|5.3p . (15.41) . and (|5.5p . we get 

||PioFK,)llLi2/^L2^/ii < ^''^'|I^K.)IIl;2/7^i < iV"/6||^,^,||2^,/,^,3,,,||w;,,||^^^^24/7 

Collecting these estimates, we find 

vN^^il + N^K) <„ ij{N-^ + K), 

and thus this error term is also acceptable. 

This concludes the proof of Proposition 15.21 □ 



With Proposition 15.21 in place, we are now ready to preclude the second (and last) scenario of 
Theorem II. 91 and thus complete the proof of Theorem 1 1.2 1 

Theorem 5.3 (No quasi-solitons). There are no almost periodic solutions u : [0,Tmax) x M'* — > 
C to Ijl.ip with N{t) = Nk > I on each characteristic interval Jk C [Q,Tmax) which satisfy 
II"IIl?_,([o,t„„,)xR4) = +00 and 

N{t)-^dt = oo. (5.13) 



Proof. We argue by contradiction. Assume there exists such a solution u. 

Let 77 > be a small parameter to be chosen later. By Proposition 15.21 there exists A^o = A^o(7?) 
such that for all N < Nq and any compact time interval I C [0, Tmax), which is a union of contiguous 
subintervals Jk, we have 

'"^^(^'f^'''"f,^(^'"^'' &dydt<„ JiV-^+ / NityUtl. (5.14) 
\x-y\-^ L J J J 

As inftg[o,T„,„^) ^{t) > 1, choosing iVo even smaller if necessary (depending on 77) we can also ensure 
that 

||?^<Ar||L?=L4([o^T„„,)xR4) + ||Vli<Ar||L=>=i2([o^T„.„)xR4) < for all ^ < A^'o- (5.15) 

Next we claim that there exists C{u) > such that 

N{tf ( \u{t,x)\^ dx>ul/C{u) (5.16) 

J\x-x{t)\<C(u)/N(t) 

uniformly for t G [0, Tmax)- That this is true for a single time t follows from the fact that u{t) is not 
identically zero. To upgrade this to a statement uniform in time, we use the fact that u is almost 
periodic. More precisely, we note that the left-hand side of ()5.16p is scale invariant and that the 
map u{t) ^ LHS (|5.16p is continuous on L'^. and hence also on H].. 



GLOBAL WELL-POSEDNESS FOR THE CUBIC NLS IN 4D 



19 



Next, using Holder's inequality and (|5.15p . we find 



i 



r Ciu) ~| 2 

\u<N{t,x)\^ dx < \^j;^\\u<N\\L^Li([a,T^a^)xm'^)J <u rfC{ufN{ty 



\x — x(t)\<C(u)/N(t) 

\N{t) 

for all t G [Q,T,nax) and all N < N^. Combining this with (|5.16p and choosing rj sufficiently small 
depending on u, we find 



inf N(tY 



\u>N{t, x)f dx >u 1 for all N < No- 

l\x-x{t)\<C{u)/N{t) 

Thus, on any compact time interval / C [0,Tmax) and for any N < Nq we have 
\u>Nit,x)\'^\u>Nit,y)\'^ 



\x - y|3 



> 



> 



N{t) n3 



Nit) 



2C(m) 



■ dx dy dt 



\u>N{t,x)\'^\u>N{t, y)P dxdydt 



k-^(t)l<^ 



\u>]y{t, x)p dx 



u>Jv(i,2/)P dydt 



.2C{u) 

>u j^N{t)-^ dt. 

Invoking (|5.14p and choosing 77 small depending on u, we find 

Nity^ dt <u for all / C [0, T„,ax) and all N < Nq. 

Recalling the hypothesis (|5.13p . we derive a contradiction by choosing the interval / sufficiently large 
inside [0,Tmax)- 

This completes the proof of the theorem. □ 
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